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Abstract. We investigate the possible effect of cosmological-constant type dark energy during the inflation
period of the early universe. This is accommodated by a new dispersion relation in de Sitter space. The
modified inflation model of a minimally-coupled scalar field is still able to yield an observation-compatible
scale-invariant primordial spectrum, simultaneously having potential to generate a spectrum with lower
power at large scales. A qualitative match to the WMAP 7-year data is presented. We obtain an ΩΛ of the
same order of that in the Λ-CDM model. Possible relations between the de Sitter scenario and the Doubly
Special Relativity(DSR) are also discussed.
PACS. 98.80.Cq Inflationary universe – 98.80.Jk Mathematical and relativistic aspects of cosmology –
95.36.+x Dark energy
1 Introduction
The anisotropy of the Cosmic Microwave Background(CMB)
radiation, which was first discovered by the NASA Cos-
mic Background Explorer(COBE) satellite in the early
1990s, has been confirmed by subsequent balloon exper-
iments and more recently by the Wilkinson Microwave
Anisotropy Probe(WMAP)’s 7-year results [1][2]. The tem-
perature fluctuations of the CMB are believed by most
cosmologists to be generated as quantum fluctuations of
a weakly self-coupled scalar matter field φ , which later
leads to the exponential inflation of the early universe [3]-
[9]. The WMAP 7-year results provide a strong confir-
mation of the inflationary paradigm. With the prestigious
Λ-CDM model (also known as the “concordance model”
or the “cosmological standard model”) and the basic set
of six cosmological parameters [10][11], one can now give
a unprecedently good global description of the universe,
with an accuracy down to 10% level.
However, various “anomalies” have been reported about
the CMB data. One of them is the low-ℓ multipole con-
troversy [12][13][14]. It was reported as “smaller than the
standard model-predicted” observed values of Cℓ for low
ℓ, especially for the quadrupole component ℓ = 2. This
issue had been widely investigated in the last decade [19,
20,21,22,23,29,30,31]. To one’s surprise, H. Liu and T.-P.
Li [17][18] claimed that the CMB quadrupole released by
the WMAP team is almost completely artificial and the
real quadrupole of the CMB anisotropy should be near
zero. C. Bennett et al. [32] had recently examined the
properties of the power spectrum data from the WMAP
7-year release with respect to the Λ-CDM model carefully.
On the contrary, they reported that the amplitude of the
quadrupole is well within the expected 95% confidence
range and therefore is not anomalously low.
Considering that the WMAP’s results have shown strong
substantiating evidence for the concordance cosmological
model, the remarkable agreement between the theory and
the observational data should not be taken lightly. But
in consideration of the work listed above, it may be pru-
dent for one to leave the low-ℓ multipole issue as an open
question for further investigations and observations.
Besides, there is another problem needed to be consid-
ered in most of the inflation models. That is the “trans-
Planckian” problem. Since the inflation period has to lasts
for sufficiently long to generate a 60 to 65 e-foldings num-
ber in order to solve the flatness and horizon problem of
the universe, the wavelengths corresponding to the large-
scale structure at present must be once smaller than the
Planck length ℓP , for which these theories break down.
Similar problem appears in black hole physics. The cal-
culations of Hawking radiation would become irrational
if one traces the modes infinitely to the past. To address
this issue, two major approaches are proposed by the black
hole physicists. One is to apply the stringy space-time un-
certainty relation [33] on the fluctuation modes to pose
a modification of the boundary condition [34]. The other
is to mimic the quantum gravity effects by replacing the
linear dispersion relation ω2 = k2 (for photons) by a non-
standard one that derived from a quantum gravity theory
[35].
On the other hand, some cosmologists believe that our
universe in its early history can actually be approximated
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by a de Sitter one. The connection between a de Sit-
ter space and the early universe lies on one or more of
the hottest issues in modern cosmology—the cosmologi-
cal constant and dark energy [36]. The cosmological con-
stant Λ, also taken as one form of dark energy, gives rise
to the famous Λ-CDM model. Although the universe after
inflation is described well by the standard cosmological
model, the physical implications of a Λ-type dark energy
during the inflation period is rarely discussed. Its possi-
ble effects are worth considering for a unified scenario of
cosmological theory. Moreover, a de Sitter universe is a
cosmological solution to Einstein’s field equations of gen-
eral relativity with a positive cosmological constant Λ. It
models our universe as a spatially flat one and neglects
ordinary matter. The dynamics of the universe are domi-
nated by the cosmological constant Λ, which is thought to
correspond to dark energy in our universe. All these give
a physically befitting description of the universe at about
a time t = 10−33 seconds after the fiducial Big Bang.
In this paper, we take into account the effect of a
cosmological-constant type dark energy during the infla-
tion period in the early universe. We try to construct a
unified scenario of the Λ-CDM and the inflation model.
This is accommodated by a new dispersion relation—a
dispersion relation in de Sitter space. It stems from the
kinematics of free particles in a four dimensional de Sitter
space. The CMB TT spectrum under the influence of such
a form of dark energy during inflation is presented. We
find that for certain parameter values, the modified infla-
tion model yields an angular spectrum with lower power
at large scales. An ΩΛ of the same order of that in the
Λ-CDM model is obtained. The relation with the Doubly
Special Relativity(DSR) is also discussed. All the numer-
ical results in this paper are qualitative. A full Bayesian
analysis of the data like that carried by the WMAP team
is necessary to prove that the model is actually statisti-
cally more consistent with the observations [32].
The rest of the paper is organized as follows. In Section
2, a remarkable dispersion relation in a four dimensional
de Sitter space is introduced to investigate possible ef-
fects of the Λ-type dark energy on the single-scalar-field
inflation model. In Section 3, we obtain the correspond-
ing primordial spectrum in the modified inflationary sce-
nario. In Section 4, we compare the corresponding CMB
angular power spectrum with the WMAP 7-year data. An
observation-compatible result has been obtained in a qual-
itative manner. Conclusions and discussions are presented
in Section 5. The relation between our model and the Dou-
bly Special Relativity(DSR) is discussed in this section.
2 Dispersion Relation in de Sitter Space
De Sitter space, first discovered by Willem de Sitter in the
1920s, is a maximally symmetric space in mathematics.
It is a space with constant positive curvature. In the lan-
guage of general relativity, de Sitter space is the maximally
symmetric, vacuum solution of Einstein’s field equations
with a positive (or physically repulsive) cosmological con-
stant Λ. It corresponds to a positive vacuum energy den-
sity with negative pressure of our universe, i.e. one form
of dark energy.
A four dimensional de Sitter space (three space di-
mensions plus one time dimension) describes a cosmo-
logical model for the physical universe. It can be real-
ized as a four-dimensional pseudo-sphere imbedded in a
five dimensional Minkowski flat space with coordinates ξµ
(µ = 0, 1, 2, 3, 4), to wit [37][38]
−ξ20 + ξ21 + ξ22 + ξ23 + ξ24 =
1
K
= R2 ,
ds2 = −dξ20 + dξ21 + dξ22 + dξ23 + dξ24 ,
(1)
where K and R respectively denotes the Riemannian cur-
vature and radius of the de Sitter spacetime. For mathe-
matical reasons, we adopt the Beltrami coordinates given
by
xµ ≡ Rξµ
ξ4
, µ = 0, 1, 2, 3, and ξ4 6= 0 . (2)
In the Beltrami de Sitter(BdS) space, the line element in
(1) can now be rewritten as
σ ≡ σ(x, x) = 1−Kηµνxµxν(> 0) ,
ds2 =
(
ηµν
σ
+
Kηµαηνβxαxβ
σ2
)
dxµdxν , µ, ν = 0, 1, 2, 3 ,
(3)
where ηµν = diag(−1,+1,+1,+1) is the Minkowski met-
ric.
The five dimensional angular momentumMµν of a free
particle with mass m0 is defined as
Mµν ≡ m0
(
ξµ
dξν
ds
− ξν dξµ
ds
)
, µ = 0, 1, 2, 3, 4 , (4)
where s is the affine parameter along the geodesic. In the
de Sitter spacetime, there is no translation invariance so
that one can not introduce a momentum vector. However,
it should be noticed that, at least somehow, we may define
a counterpart of the four dimensional momentum Pµ of a
free particle in the de Sitter spacetime:
Pµ ≡ R−1M4µ = m0σ−1 dxµ
ds
, µ, ν = 0, 1, 2, 3 . (5)
For the rest of the article, the Greek indices (i.e. µ, ν, α,
β, etc.), if not specifically pointed out, run from 0 to 3.
The Latin indices (i.e. i, j, k, etc.) run from 1 to 3.
In the same manner, the counterparts of the four di-
mensional angular momentum Jµν can be assigned as
Jµν ≡Mµν = xµPν−xνPµ = m0σ−1
(
xµ
dxν
ds
− xν dxµ
ds
)
.
(6)
Under the de Sitter transformations for a free particle,
an invariant (which turns out to be just m20) can be con-
structed in terms of the angular momentum Mµν as
m20 =
λ
2
MµνM
µν = E2 −P2 + K
2
JijJ
ij ,
E = P0 , P = (P1, P2, P3) .
(7)
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To discuss the quantum kinematics of a free particle,
it is natural to realize the five dimensional angular mo-
mentum Mµν as the infinitesimal generators Mˆµν of the
de Sitter group SO(1, 4), to wit
Mˆµν ≡ −i
(
ξµ
∂
∂ξν
− ξν ∂
∂ξµ
)
, µ, ν = 0, 1, 2, 3 . (8)
Since ξ0(≡ σ(x, x)−1/2x0) is invariant under the spa-
tial transformations of xα acted by the subgroup SO(4)
of SO(4, 1), two space-like events are considered to be si-
multaneous if they satisfy
σ(x, x)−
1
2 x0 = ξ0 = constant . (9)
Therefore, it is convenient to discuss physics of the de
Sitter spacetime in the coordinate (ξ0, xα). With the de
Sitter invariant (or the Casimir operator) in the relation
(7), one can write down the equation of motion of a free
scalar particle with mass m0 in the de Sitter space as(
K
2
MˆµνMˆ
µν −m20
)
φ(ξ0, xα) = 0 , (10)
where the φ(ξ0, xα) denotes the scalar field.
A laborious but straight forward process of solving the
equation (10) can be found in [37], from which one obtains
the dispersion relation for a free scalar particle in the de
Sitter space:
E2 = m20 + ε
′2 +K(2n+ l)(2n+ l+ 2) , (11)
where n and l refer to the radial and the angular quan-
tum number respectively. For massless particles such as
photons, the above dispersion relation becomes
ω2 = k2 + ε∗2γ ,
ε∗γ ≡
√
K(2nγ + lγ)(2nγ + lγ + 2) ,
(12)
where nγ and lγ respectively denotes the radial and the
angular quantum number. w and k are in turn the fre-
quency and the wavenumber.
3 The Modified Primordial Spectrum
Given the dispersion relation (12), we are now in the po-
sition to calculate the primordial power spectrum Pδφ(k),
from which later the anisotropy spectrum of the CMB is
obtained.
Let us denote the inhomogeneous perturbation to the
inflaton field by δφ(x, t). In the Fourier representation,
the evolution equation of the primordial perturbation δσk,
which is defined as δσk ≡ aδφk, reads [39]
δσ′′
k
+
(
k2eff −
2
τ2
)
δσk = 0 , k
2
eff ≡ k
2 + ε∗2γ . (13)
A prime indicates differentiation with respect to the con-
formal time τ [40].
The equation (13) has an exact particular solution:
δσk =
e
−ikeffτ√
2keff
(
1 +
i
keffτ
)
=
e−i
√
k2+ε∗2
γ
τ
√
2
(
k2 + ε∗2γ
)1/4

1 + i√
k2 + ε∗2γ τ

 . (14)
For the redefinition δφk ≡ δσk/a , one has
∣∣δφk∣∣ =
∣∣∣∣∣∣
1
a
· e
−i
√
k2+ε∗2
γ
τ
√
2
(
k2 + ε∗2γ
)1/4

1 + i√
k2 + ε∗2γ τ


∣∣∣∣∣∣
=
1
√
2a
(
k2 + ε∗2γ
)1/4
√
1 +
1(
k2 + ε∗2γ
)
τ2
. (15)
The power spectrum of δφk, which is denoted by Pδφ(k),
is defined as [39]
〈0|δφ∗
k1
δφk2 |0〉 ≡ δ(3) (k1 − k2)
2π2
k3
Pδφ(k) . (16)
For k1 = k2 = k, one has
Pδφ(k) ≡ k
3
2π2
|δφk|2 . (17)
Given the results (15) and a = −1/Hτ [39], one ob-
tains the primordial power spectrum of the perturbation
δφ(x, t),
Pδφ(k) = k
3
2π2
· 1
2a2
√
k2 + ε∗2γ
(
1 +
1(
k2 + ε∗2γ
)
τ2
)
=
H2
4π2
· k
3(
k2 + ε∗2γ
)3/2 + H24π2 · k√k2 + ε∗2γ · k
2τ2 .(18)
According to the super-horizon criterion, the wavelength
λ of the primordial perturbation is beyond the horizon if
− kτ = k
aH
≪ 1 . (19)
Therefore, given the super-horizon condition (19), the sec-
ond term at the right hand side of the expression (18) be-
comes sufficiently small when compared to the first term
and can be neglected. The power spectrum is then given
approximately as
Pδφ(k) ≃ H
2
4π2
· k
3(
k2 + ε∗2γ
)3/2 . (20)
For large k (i.e. high multipole index ℓ), one recovers the
usual scale-invariant primordial power spectrum of the
perturbation
Pδφ(k) = H
2
4π2
· k
3[
k2
(
1 +
ε∗2
γ
k2
)]3/2 ≃ H24π2 · k
2
k2 + 32ε
∗2
γ
∼ k0 .
(21)
Plot of the primordial spectrum (20) is shown in Fig.1.
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Fig. 1. The non-dimensional primordial power spectrum
Pδφ(k). It experiences a cutoff at large scales for certain values
of ε∗γ . It is also shown in the bottom panel of Fig.2.
4 The Resulting CMB Spectrum
The temperature fluctuations of the CMB are due to the
quantum fluctuations of a weakly self-coupled scalar mat-
ter field φ , which later results in an exponential inflation
of the early universe [3]-[9]. The anisotropic and inhomo-
geneous fluctuations δφ(x, t) of this scalar field result in
the perturbations of the comoving curvatureR. During in-
flation, the wavelengths λ of these perturbations are then
stretched exponentially out of the horizonH. As time goes
by, the horizon of the universe grows. At some time after
inflation, these once “frozen” perturbations finally reenter
the horizon and causal region. For the rest of the time,
they evolve according to the Poisson equation and the
collisionless Boltzmann equation, giving rise to the extant
matter and temperature fluctuations. The primordial per-
turbation of photons at the surface of last scattering is the
one that responsible for the anisotropic power spectrum
of the CMB radiation we observe today.
The power spectrum of the comoving curvature per-
turbation R is usually denoted by PR(k), which is given
as [39]
PR(k) = H
2
φ˙2
Pδφ(k) ≡ A2s
(
k
aH
)ns−1
, (22)
where As is the normalized amplitude and ns is the scalar
spectral index. In the slow roll inflation model, ns − 1 =
2η − 6ǫ. The anisotropy spectrum of the CMB, indicated
by the coefficient Cℓ , is obtained by a line-of-sight inte-
gration over the spectrum PR(k) with ∆ℓ(k, τ), which is
the solution of the collisionsless Boltzmann equation for
the CMB photons, to wit [41][42]
Cℓ = 4π
∫
d3k PR(k)|∆ℓ(k, τ)|2 . (23)
The solution ∆ℓ(k, τ) is obtained by numerically solving
the coupled Boltzmann equations of the CMB photons
under the adiabatic initial conditions [43].
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Fig. 2. The CMB angular power spectrum Cℓ vs. ℓ with the
primordial power spectrum Pδφ(k) vs. k/(aH) . Black dots
with error bars represent (part of) the TT data of the WMAP
7-year results. The black solid curve in the top panel is the
theoretical prediction of the standard Λ-CDM model with
the usual scale-invariant primordial power spectrum Pδφ(k) =
H2/4π2 (i.e. the spectral index ns = 1), and with the cos-
mological parameters fixed at h = 0.73, Ωbh
2 = 0.0226,
Ωcdmh
2 = 0.112, ΩΛ = 0.728, τ = 0.087. The dashed and
dotted curves are obtained with the same model, but with the
infrared-cutoff primordial power spectrum (20). From up to
down each of them sequently corresponds to the theoretical re-
sult with ε∗γ = 7× 10
−5(dash-dotted), 2.5× 10−4(dashed), and
7.6 × 10−4(dotted) Mpc−1. For ε∗γ = 2.5 × 10
−4 Mpc−1, the
cosmic age is 13.79 Gyr and the value of σ8 is 0.809.The asymp-
totic behavior of the primordial spectrum Pδφ(k) at large scales
is shown in the bottom panel.
We use a modified version of the publicly available
Code for Anisotropies in the Microwave Background(CAMB)
[44] to compute the CMB temperature-temperature(TT)
spectra with various ε∗γ in the modified primordial spec-
trum (20). The numerical results are shown in Fig.2 and
Fig.3. The black solid curve in Fig.2 indicates the stan-
dard scale-invariant primordial spectrum model with the
same cosmological parameters as those obtained from the
best-fit to the WMAP 7-year data. The dashed and dotted
curves represent the theoretical predictions of our model.
The cosmic variance contributions to the errors in both
models of inflation (the standard one and ours) are shown
respectively by the dash-dotted upper and lower contours
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in the two panels of Fig.3. For a simple numerical analy-
sis, we arbitrarily choose the value of ε∗γ to be 7 × 10−5,
2.5× 10−4, and 7.6× 10−4 Mpc−1. The corresponding χ2
are respectively 1530.83063, 1534.18154, and 1560.87900,
while the standard inflation model gives χ2 = 1380.16810
(in both cases for 1200 data points). For ε∗γ = 2.5× 10−4
Mpc−1, the age of the universe is 13.79 Gyr and the value
of σ8 is 0.809. Both of them are consistent with the values
presented in [45].
From Fig.2, we see that the lower CMB quadrupole is
related to the value of ε∗γ . It implies that in some sense
the lower CMB quadrupole encodes the information of
the geometric properties of the de Sitter space. A zero ε∗γ
will land us back at the standard scale-invariant spectrum
model. In order to obtain a more definite result, more data
such as COBE [46], BOOMERANG [47], MAXIMA [48],
DASI [49], VSA [50] and CBI [51][52] are needed for fur-
ther numerical studies. Careful Monte Carlo simulations
or a full Bayesian analysis is also necessary for drawing
a more confirmatively quantitative conclusion [53]. But
these are out of our research area. A simple numerical-
recipe-level analysis may be enough for taking a look at
possible qualitative features of the solution (20).
5 Conclusions and Discussions
In this paper, we studied the possible effects of cosmological-
constant type dark energy on the standard inflationary
paradigm of modern cosmology. We presented a unified
scenario of the the Λ-CDM and the inflation model. This
is accommodated by the new dispersion relation (12). It
stems from the kinematics of free particles in a four di-
mensional de Sitter space. We got a modified inflation
model of a minimal coupled scalar field. The ultraviolet
behavior of the primordial spectrum in our model differs
little from the usual scale-invariant one, which ensures an
agreement with the WMAP 7-year observations for high-
ℓ components. For certain values of the model parameter
ε∗γ , the model is able to generate a power spectrum with
lower energy on large scales. And from the relation (12)
and R = 1/
√
K, we approximately have R ∼ 103 Mpc
for ε∗γ ∼ 10−4 Mpc−1. If one agrees that our universe is
asymptotic to the Robertson-Walker-like de Sitter space
of R ≃ (3/Λ)1/2 [54], from ΩΛ ≡ Λ/3H20 one finally ob-
tains ΩΛ ∼ 10−1. This is in reasonable agreement with
the current acknowledged value of ΩΛ ≃ 0.72 [45].
We note, however, that as pointed out by C. Bennett
et al. [32], the mean value of the CMB quadrupole compo-
nent C2 predicted by the best-fit Λ-CDMmodel lies within
the 95% confidence region allowed by the data. If this is
true, that means the measured value of the quadrupole
is not anomalously low. So one has to take this rough
model of inflation with a few grains of salt. In this paper,
we just offered a theoretical possibility — the inflation-
ary paradigm of a single scalar field with Λ-type dark en-
ergy is still able to yield an observation-compatible scale-
invariant primordial spectrum, while having the potential
to generate a spectrum with low-ℓ multipoles. The result
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Fig. 3. The CMB angular power spectrum Cℓ vs. ℓ . Black dots
with error bars in the two panels represent (part of) the TT
data of the WMAP-7 results. The contributions of the cosmic
variance to the errors in the two models, the standard one and
ours, are shown by the dash-dotted upper and lower contours in
both panels. In the top panel, the black solid curve is the theo-
retical prediction of the standard Λ-CDM model with the usual
scale-invariant primordial power spectrum Pδφ(k) = H
2/4π2
(i.e. the spectral index ns = 1), and with the cosmological pa-
rameters fixed at h = 0.73, Ωbh
2 = 0.0226, Ωcdmh
2 = 0.112,
ΩΛ = 0.728, τ = 0.087. In the bottom panel, the curves are
obtained with the same cosmological model, but with the mod-
ified power spectrum (20) when ε∗γ = 2.5 × 10
−4 Mpc−1. The
cosmic age is 13.79 Gyr and the value of σ8 is 0.809.
we obtained is undoubtedly sketchy. As stated at the end
of Section IV, a more careful and comprehensive numer-
ical analysis like that done by the WMAP team should
be carried out before drawing a confirmative quantitative
conclusion. But that requires professional data analysis
techniques which is out of our research field.
Last, a close relation between de Sitter space and Dou-
bly Special Relativity(DSR) should be noticed. DSR, first
proposed by Amelino-Camelia around the start of this mil-
lenium [55], is one of the possible explanations of the GZK
feature in the energy spectrum of the ultra-high energy
cosmic rays without invoking Lorentz symmetry violation.
It is based on two fundamental assumptions:
– The principle of relativity still holds, i.e., all the iner-
tial observers are equivalent ;
– There exists two observer-independent scales: one is of
dimension of velocity, which is identified with the speed
of light c; the other is of dimension of length κ (or
6 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle
mass κ−1), which is identified with the Planck length
(or mass).
The energy-momentum space of DSR is found to be
a four dimensional maximally symmetric one. In differen-
tial geometry, such a manifold must be locally diffeomor-
phic to one of the three kind of spaces of constant cur-
vature: de Sitter, Minkowski, and Anti-de Sitter, of which
the sign of curvature K is respectively +, 0, and −. It was
first pointed out by J. Kowalski-Glikman [56][57] and later
reaffirmed by H.-Y. Guo [58] that DSR can be taken as a
theory with its energy-momentum space being a four di-
mensional de Sitter space. Different formulations of DSR
can be identified with taking different coordinate systems
on this space. In our paper, the curvature radius R of
the de Sitter space plays the role of the length scale κ
in DSR and our research is formulated in the Beltrami
coordinates.
However, more research, in the theoretical as well as
the phenomenological aspects, needs to be done before
claiming that the particle kinematics in DSR can be iden-
tified with that in a de Sitter space. Relevant researches
are currently undertaken.
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